
Loss-basedInfer enceof Multicast Network Topology
�
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Abstract

Theuseof multicastinferenceon end-to-endmeasurement
hasrecentlybeenproposedasa meansto infer networkin-
ternalcharacteristicssuchaspacketlossrateandnetwork
topology. In this paperwe proposeandevaluatenew algo-
rithms for multicasttopologyinferencebasedon measure-
ment of end-to-endloss. We comparetheir accuracy and
commenton their computationalcomplexity.

1 Intr oduction

Inferenceof network-internalcharacteristicsfrom the end-
to-endbehavior of multicast traffic hasbeenproposedin
recentpapers.Probesaremulticastfrom the sourceto re-
ceivers; the recordof which probesreachedeachreceiver
is usedto infer internal loss probabilities. Probeloss is
assumedto occur independentlyacrosslinks andbetween
probes.In [1, 2] theMaximumLikelihoodEstimator(MLE)
of link lossprobabilitieswasdeterminedfor generallogical
multicasttrees. It wasshown that the estimatoris reason-
ably robust with respectto violations of this assumption,
at leaston thescalefoundin realisticnetworksimulations.
In a relatedpaper[5], the focuswasto groupmulticastre-
ceiversthatsharethesamesetof networkbottlenecksfrom
the source.This usedthe specialcaseof the estimatorfor
binarytreesin [1] in orderto estimatelosson thecommon
portionof thepathfrom thesourceto eachreceiver. An ex-
tensionof the binary approachto treatmoregeneraltrees
wasalsoproposed.

Thecontributionsof thepresentpaperareasfollows:

(i) We proposethreealgorithmsfor topologyidentification;
thesegeneralizethe groupingalgorithmsof [5]. Two of
theseusebinarygroupingasanintermediatestageof iden-
tification; the otherusestheapproachof [1, 2] to estimate
the losson the commonportion the pathsfrom the source�
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to anarbitrarysetof receivers(i.e. not necessarilya binary
set).

(ii) We proposeanalgorithmthatusestheMLE from [1] di-
rectly. In this approach,for eachpossibletreebuilt upon
thegivensetof receivers,theMLE for its link probabilities
is foundandthecorrespondinglikelihoodfunctionis calcu-
lated. The treethatmaximizesthe this likelihood function
is selectedastheestimator. Weestablishthattheprobability
of selectingtheactualtreeconvergesto 1 asthenumberof
probesgrowsto infinity.

(iii) Wecomparetheperformanceof thealgorithmsanddis-
cusstheinteractionsbetweenparameterchoicesandunder-
lying topologythatdeterminetheir accuracy

The useof end-to-endmeasurementhasthe advantageof
not requiringcooperationfrom networkmanagement.The
use of multicast probeshas the advantageover unicast
probesthat thenetworkloaddueto probesscalesbetterfor
largetrees.For a moredetaileddiscussionof implementa-
tional issues,thepotentialfor deploymenton emerging In-
ternetmeasurementinfrastructures,anda comparisonwith
otherapproaches,we referthereaderto [1].

2 Description of the LossInferenceMethodology

Weidentify thephysicalmulticasttreeascomprisingactual
networkelements(thenodes)andthecommunicationlinks
than join them. The logical multicast tree comprisesthe
branchpointsof thephysicaltree,andthe logical links be-
tweenthem.Thelogical links compriseoneor morephysi-
cal links. Thuseachnodein thelogical tree,excepttheleaf
nodesandpossiblytheroot,musthave 2 or morechildren.
We canconstructthe logical treefrom the physicaltreeby
deletingall links with onechild andadjustingthe links ac-
cordinglyby directly joining its parentandchild.

Let 	�

��������� denotea logical multicasttreewith nodes� andlinks � . We identify onenode,theroot � , to bethe
sourceof probes,and ����� to be the setof leaf nodes
(identifiedas the setof receivers). The setof childrenof
node ����� is denotedby � �!�"� . Eachnode, # , apartfrom
theroothasa parent�$
&%'�(#)� suchthat �*�"��#+�,�-� . We say� is descendedfrom # , andwrite �/.�# , if #�
0%)12�!�"� for
some3-�54 , where%)16
&%87�%+1)92: and %;:,
�% <>=?�A@�� will
denotethe . -leastcommonancestorof all nodesin �B�>@ .

p. 1



We assumea Bernoulli lossmodelin which probesarein-
dependentandeachprobeis successfullytransmittedacross
the link

C �(%'�(#+�D��#+� with probability E'F . Thusthe progress
of eachprobedown the tree is describedby an indepen-
dentcopyof astochasticprocessGH
I�JGKFL�MF"N"O asfollows.GPF5
RQ if theprobereachesnode #/�S� and � otherwise.
If G F 
T� , then GVU6
T�)��W)�X�Y� �A#+� . Otherwise,Z\[ G]U\
QL^ G F 
_Qa`b
TE U and Zc[ GVU\
T�?^ G F 
_Qd`b
_Q8eYE U . We
adoptthe convention E�fK
gQ . Last, let E>
_�(E'h���h N"O . We
assumethat ��i�E F ijQ"�MWk#��0� . lnm will denotethe
distributionof G underthelink probabilitiesE .

When a probeis sentdown the tree from the root � , we
cannotobserve thewholeprocessG , but only theoutcome�JGKFL��FoNqp��srB
utq�+�vQqw p that indicateswhetheror not the
probereachedeachreceiver. In [1] it wasshown how the
link probabilitiescanbeinferredfrom themeasureddistri-
butionof outcomesdueto asetof independentprobeswhen
the topology 	x
_�������y� is known. Let �K�A#+�V��� denote
thesetof receiversdescendedfrom a node#c��� . Setz �A#+��
|{5}q~U Nqp���F�� G U � and �2�(#+�y
xl�[ z �(#)��
IQa`�< (1)z �A#+��
xQ if aprobereachesat leastonereceiver descended
from # . For �K��� set �K�!�"��
&E UqE'� � U � <�<v<�E�f , theprobabil-
ity thata probereachesthenode� . It canbeshown thatthe� andthe � satisfy

��Q�e��'�(#+�����K�(#+���b
 �U N"����F�� ��Q�e��2�*�������K�(#+����< (2)

It wasshownin Lemma1 of [1] that �K�(#+� is theuniquesolu-
tion to (2) in �J�2�A#+���vQa` providedthat �2�A#+�8i�� U N"����F�� �2�*��� .
Thus the collection of �P�(#)� , and hencealso the E F 
�P�(#)���D�P�(%'�(#)��� , can be determinedfrom the �2�A#+� . At a
node # with two offspring tD���M�q�Jw , (2) reducesto �K�(#+�\
�2�!�"���2�*���q�)�J�2�*���'���2�!�q�(�'e��2�(#)��� .
In orderto estimatethe �P�(#)� from measurements,3 probes
are multicast from the source, giving rise to outcomes�G � : � ��<v<v<�� �G � 1 � . Define

� �2�(#+� astheproportionof outcomes
in whicha packetwasseenat a receiver descendedfrom # ,
andestimate�K�(#+� by

��K�(#+� , the solutionto (2) that results
from usingthe

�� in placeof � . The log-likelihood function� ��	,�aE���� � is the log-probability of obtainingthe frequen-
cies � , givena setof link probabilities E in a topology 	 .
With measuredfrequencies

� � , the MLE of the link proba-
bilities is the E thatmaximizes

� ��	���E�� � �?� .
Theorem 1 (i) Themodelis identifiable,i.e. Z m 
BZ m��

implies E/
&E'� .
(ii) with probability 1, for sufficiently large 3 ,

�� is the
MaximumLikelihoodEstimatorof � .

As aconsequenceof theMLE property,
�� is (strongly)con-

sistent(
�� 1L���e?� � with probability1), andasymptotically

normal(   3�� ��&e��]� 1L�$�e?� ¡ for somemultivariateGaus-
sianrandomvariable¡ ); see[6].

3 TopologyInferenceby Grouping

Theuseof theestimateof losseson thecommonportionof
thepathbetweenreceiversin binarytreeshasbeenproposed
recentlyin orderto groupmulticastreceiversthatsharethe
samesetof bottleneckson thepathfrom thesource[5]. In
thisandthesucceedingsectionweshallinvestigatetheana-
lytic andexperimentalpropertiesof thisalgorithmandsome
generalizationsthatinfer generaltrees(i.e. thosewhichare
notnecessarilybinary).

We shallwork exclusively with canonicallosstrees; a loss
treeconsistsof a tree-lossratecombination��	,�aE�� . A loss
tree is said to be in canonicalform if E'F�i¢Q"�MWk#I�_�
except for #Y
£� . Any tree ��	���E�� not in canonicalform
can be reducedto a loss tree, �J	 � ��E � � , in canonicalform
suchthatthedistributionof �JG F � F"Nqp is thesameunderthe
correspondingprobabilitiesl)¤2¥ m and l)¤ � ¥ m � .
Considertheclassof mapsof theform¦B§� ¦ � 
I� ¦�¨ @�� ©ªt�@ywL� with @�« ¦ ��¬\@s­BQ"� (3)

onfinite sets
¦

. Startingwith
¦

asthereceiver set � , such
an operationrepresentsidentifying the elementsof @ asa
maximalsibling set,groupingthemtogetherandidentify-
ing the set @ with their parent. This operationresultsin
theset

¦ � comprisingtheparentnode @ andall remaining
nodesin

¦®¨ @ . By composinga numberof suchmaps
we canbuild up a logical multicasttree;theproblemof re-
covering theactualtreecanthenbere-expressedasthatof
findinganappropriatesetof groupingmaps.Theinference
algorithmsdescribedbelow dependon choosingas @ the
subsetin which theestimateof commonloss(i.e. lossrates
on thesharedportionof thepathfrom thesourceto there-
ceivers) is greatest.For generalsubsets@B�0� we definez �(@��¯
£{5}q~oF"N"° z �(#+� and �2�A@��/
jl�[ z �(@���
±Qa` . Let�P�(@�� denotethesolutionof equation(2) whentheproduct
extendsover all �P�¯@ .

3.1 Inferenceof Binary Trees
The method is simplest to explain when the tree to be
inferred is known to be binary. Pick any two nodes �
and # . According to Section 2 above,

��K��t��"�a# w��£²³
� ���*��� � ���A#+���)� � ���(#+�o� � ���(#)��e � ���Mt��"�a# w�� is theMLE of theprob-
ability of successfultransmissionfrom theroot to the low-
estcommonancestornode =?�Mt��"�a# w�� of the receivers �"�a# .
But observe now thatin general,sinceeach�K�(´A� canbeex-
pressedasa productof link probabilitiesover eachlink on
achainfrom therootnodeto ´ , thenthequantity�P�A´(� is de-
creasingdown thetreein thesensethat �K�(´A��­Y�K�(´��J� is ´J� is
adescendantnodeof ´ . (Thisassumesthatall thelink prob-
abilities E2F arestrictly lessthan Q ). Hence

��P�Mt��"��#kw�� should
beminimizedwhen � and # aresiblings,at leastasymptoti-
callyasthenumberof probesgrowsto infinity. Theiteration
of thisprocedureto infer thecompletelogicalmulticasttree
is formalizedasthebinary losstree(BLT) classificational-
gorithm;seeFigure1. (We notethatthedefinitionof

� � and
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1. Input: Receivers � andreceiver traces�JG hF � hJµ : ¥ ¶D¥³·³·³· ¸FoNqp
2. � � ²³
>� , �x²³
>¹+����
�¹ ;
3. while ^ �º��^o­BQ do
4. select@�
»t�@ : ��@n¶�wV�¼�8� thatminimizes

��K��½³� ;
5. �x² 
»�¾©¿t�@yw ; �8�2²³
x�A�8� ¨ @��2©¿t�@yw ;
6. foreach @'�2�¯@ do
7. E��A@2�A�b²³
À�P�A@������K�(@'�(� ; �S²³
>�¿©¯t��(@��a@'�*�dw ;
8. enddo
9. enddo
10. Output: losstree ���������y���aE��
Figure 1: BinaryLossTreeClassificationAlgorithm (BLT).

�� extendsfrom subsetof nodesof theactualtreeto thoseof
any potentialtreein a straightforwardmanner).

Consideralosstree �J	��aE�� . Let Á beanalgorithmthattakes
a traceof length 3 , tL��GPF ¥ h �MF"Nqp�w�1hJµ : asaninputandreturns
a losstree � �	$� �E2� . Let Z �Â 
xZ\� �	TÃ
B	º� betheprobability
that Á misclassifiesthetree.

Theorem 2 (i) A canonicallosstreeis identifiable,i.e.,l)¤2¥ mK
xl)¤ � ¥ m � implies ��	,�aE���
I�J	��(�aE'�Ä� .
(ii) For anybinarycanonicallosstree �J	���E�� , Z �Å2Æ ¤ �Ç�

as 35�ÇÈ .

Sketchof Proof: Considerthedeterministicalgorithmob-
tainedby replacing

�� with � in line 4 of Figure1. Thenthe
treeis correctlyidentified,essentiallybecause= ��t�´��M�Lwq��.Y= ��tq´��a# w��/
nÉ �P�Mt�´�����w��,i¾�P�Mt�´���# wq��< (4)

By the Strong Law of Large Numbers
� ���(@�� converges�2�(@���� , almost surely as 3j� È ; by continuity

��P�(@��
converges likewise to �P�A@�� . Hence,by (4),

��P�Mt�´�����w��¿i��Ê�Mt�´���#kw�� for all 3 sufficiently large,where t�´�����w5���8� is
any binary set that minimizes � in the deterministicalgo-
rithm. Thus Z �Å'Æ ¤ �Ç� as 36�ÇÈ .

3.2 Inferenceof GeneralTreesby Grouping
In thissectionwedescribeextensionsof thebinarylosstree
classificationalgorithmto treatgeneraltrees;the descrip-
tion herewill besomewhatinformal. TheBinaryLossTree
Pruning(BLTP) andthe Binary LossTreeClique (BLTC)
ClassificationAlgorithmsestimatelossonthecommonpor-
tion of thepathto pairsof nodes;theformeris inspiredby a
proposalin [5]. TheGeneralLossTree(GLT) Classification
Algorithm usesthe estimatefrom (2) of loss on the com-
mon portionof thepathto arbitrary setsof nodes.All the
algorithmsaregovernedby a thresholdËª­x� which is the
smallestlink lossprobabilitythatcanbeinferred.Whenall
link lossprobabilitiesaregreaterthan Ë , theprobabilitythat
the treeis incorrectlyclassifiedgoesto zeroasthenumber
of probesgrowsto infinity. Wecomparetheperformanceof
thesealgorithmsin Section5.

4a. select @ � ¶ � 
�tq@ : �a@n¶�w]�>�8� thatminimizes
��P��½³� ;

4b. ÌÍ² 
�Î ; done:=false;
4c. while not donedo
4d. Ïx²³
BtoÐ¼
À@ ��Ñ,� ©X@ Ñ�Ò : ^o@ Ñ�Ò : �¯�º� ¨ @ ��Ñ,� ���Q�e�Ëq� ��\��ÐV��i ��\�(@ � ¶ � �aw ;
4e. if Ï�
�¹ then t�@�²³
>@ ��Ñ�� ; done:= true;w
4f. elseselect @ ��Ñ�Ò : � �\Ï thatminimizes

��P��½³� ;
4g. enddo

Figure2: GeneralLossTreeClassificationAlgorithm (GLT): ad-
ditionalstepsto besubstitutedfor line 4 of Figure1.

3.2.1 Binary Loss Tree Pruning Classification:
For eachË$­>� wedefineBLTP(Ë ) by atwostepprocess:(i)
applyingBLT to thereceiver tracesresultingin abinaryloss
tree ���������y���aE�� ; then(ii) for eachnode # with lossproba-
bility Q8e&E'F�i0Ë , remove the link �(%'�(#)���a#+� from � and
identify theendpointsin � .

3.2.2 Binary Loss Tree Clique Classification: In
BLTC(Ë ), we grouptogetherpairsof nodeswhoselosson
thecommonpathportionis closeto themaximumcommon
lossover all pairs.This amountsto replacingline 4 in Fig-
ure 1 with the following steps: (i) select @'�6
±t�@'�: ��@'�¶ w
thatminimizes

��P��½³� ; (ii) constructthe graph ¡ of all links�(@'�³�: ��@'�³�¶ � such that ��QcexË�� ��\��t�@'�³�: �a@2�³�¶ w���i ��P�A@'�(� ; (iii)
groupasthe next node @ the elementsof the largestcon-
nectedcomponentof ¡ that contains@'� . Note that if the
groupingis donecorrectly, thenthedeterministiccommon
loss �K��t�@ : �a@ ¶ wq� takesthe samevaluefor all binary sub-
setstq@ : �a@ ¶ w of @ . For finite but large 3 , thecorresponding
random

��Ê�Mt�@ : ��@ ¶ w�� will differ slightly. ChoosingË/­R�
enablesgroupingof thesenodesfor finite 3 . However, this
canalsoleadto the inclusionof nodeswhich areseparated
by links with lossprobabilitylessthanaboutË .

3.2.3 General LossTreeClassification: GLT( Ë ) is
essentiallyanextensionof BLT in which theminimization
in line 4 of Figure1 extendsover arbitrarysubsetsof �8� .
Sinceall subsetsof a setof siblingshave thesamevalueof� , weemployathresholdË to performthegrouping,similar
to BLTC(Ë ). In practice,we build up the minimizing set@ by finding(approximately)minimizingsetsof increasing
cardinality. More precisely, therule to selectthenext node@ in line 4 of Figure 1 is replacedby the lines shown in
Figure2.

4 Maximum Likelihood Classificationof GeneralTrees

A secondapproachto topologyinferenceis to usethelike-
lihoodfunctionitself for classification.Let Ó denotetheset
of logical multicasttreesthat can be laid out betweenthe
root andthesetof receivers.Thetopology Ô of a multicast
treeis determinedby theset Ð�Õ of non-rootnodesandthe
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links betweenthem.

Let ÖE�Õ��T[³�+�vQa`(× Ø denotethe MLE for the link probabili-
ties E if thetopologywere ÔÙ�ÙÓ ; let

� ��Õ denotethesetof
measuredprobabilities

� ���A#+� at nodes# of Ô .

The maximum-likelihood(ML) classifierassignsthe topol-
ogy

� Ô thatmaximizes
� �(Ô�� �E Õ � � � Õ � . We now show that, if

the link probabilitiesareboundedaway from 0 and1, the
ML-classifieris consistentin thesensethat,w.p. 1, it iden-
tifies thecorrecttopologyasthenumberof probestendsto
infinity. Let ÁPÚÕ 
u[ ËL�vQ�e�Ë�`(× Û , where Ë\­&� , andconsider
treeswith link probabilitiesE/�5ÁPÚÕ .
Theorem 3 For each topology Ô f andlink probability vec-
tor E f �ªÁ Ú Õ , ÜÄÝ

{1L�$� Z�Õ�Þa¥ m�Þq� � ÔP
�Ô�fv��
BQo< (5)

Proof: It sufficesto show that,for eachÔ/Ã
>Ô f ,Ü!Ý
{1��$� Z�Õ�Þa¥ m�Þq� � ÔP
�Ô+��
>�)< (6)

Let ß'�(à'��Ô��aE�� denotethe density (i.e., probability mass
function) for theconfigurationà dueto a singleprobeand
let á+f denoteexpectationwith respectto Z�Õ�Þd¥ m�Þ . Underour
assumptions,if Ô/Ã
ÀÔ�f , theKullback-Leiblerinformationâ f �(E���
Iá f �

Ü ãoä ��ß2�JG��aÔ f ��E f ���Dß2�JG��aÔ���E������ (7)

is a continuousfunctionof E��5ÁPÚÕ , and
â f"�AE���­&� (identi-

fiability). Thusthereis anumberå$­>� suchthat
â f"�AE���æYå

for all E/�5ÁPÚÕ . Now

Z�Õ�Þa¥ m�Þq� � ÔP
�Ô+��ç
Z�Õ�Þd¥ mLÞ��(è+E/�ªÁ ÚÕ ² Q3 1é

:
Ü ã"ä ß2��G h �aÔ��aE��ß'�JG h �aÔ f ��E f � æ>�"��< (8)

Since E/�ªÁPÚÕ , thedensityß2�Aà2�aÔ��aE�� is boundedaway from
zero,hencetheconditionsof Jennrich’s [3] uniform strong
law of largenumbersaresatisfied.Thus

Q3 1é
:
Ü ãoä ß'�JG h ��Ô��aE��ß2�JGKha��Ô�fo�aE�fa� e?�êe â f �AE��,ç&e�å (9)

uniformly in E/�ªÁPÚÕ , whencethelastdisplayedprobability
tendsto zeroas 36�ÇÈ .

5 Algorithm Comparisonand Evaluation

The topology classificationalgorithms describedabove
wereevaluatedthroughsimulation. Thens [4] simulator
was usedin order to provide a realistic simulationof the
occurrenceof packetlossesin a network.

3

4 5

2

0

1

8

1Mb/sec, 10ms

5Mb/sec, 50ms

12

6 7

109 11

Figure 3: SimulationTopology: Links areof two types: edge
links of 1MB/scapacityand10mslatency, andinterior
links of 5Mb/scapacityand50mslatency.

5.1 Comparisonof Grouping Algorithms
We reportresultsobtainedin the networktopologyshown
in Figure3. Links in theinteriorof thetreehave higherca-
pacity(5Mb/sec)andlatency (50ms)thanthoseat theedge
(1Mb/secand 10ms)in order the capturethe heterogene-
ity betweenthe edgesandcore of a Wide Area Network.
Probesaregeneratedfrom node0 asa Poissonprocesswith
meaninterarrival time16ms.Backgroundtraffic comprised
a mix of infinite datasourceTCP connections(FTP) and
exponentialon-off sourcesusingUDP. Packetlosseswere
dueto overflow from 4 packetbuffersat eachnode. Since
thelosseswerenot generatedexplicitly from a model,they
couldpotentiallyviolate the Bernoulli assumptions.How-
ever, we have found in previouswork [1] that the discrep-
ancy betweenactualandinferredprobelossesis verysmall.
(Thediscrepancy with backgroundtraffic lossesis greater,
althoughstill quitesmall). Eachevaluationcomprised100
simulationseachof 300sduration.Individuallink lossrates
rangedfrom aslittle as �+<³ë"ì to ashigh as í Q�ì . Meanlink
lossratesrangedfrom slightly below Qvì to QvÎ"ì .

In Figures4-9 we plot the proportionof experimentsin
which the topologywascorrectlyidentifiedasfunction of
thenumberof probes,for thethreealgorithms,for valuesof
the thresholdË between�+<³�"Îoî"ì and îoì . In summary, ac-
curacy is bestfor intermediateË , decreasingfor largerand
smaller Ë . In moredetail, considerfor example,the BLT
Pruningalgorithmwith 1000probes. The topologyis in-
correctlyidentified45 timesfor Ë�
g�)< Îoî"ì , 14 times forË¾
ï�)< îoì and only 5 times for Ë¾
ðQ�ì . To obtain the
sameincreasein accuracy at Ëx
|�+<³Îoî"ì would require
about6000 probes. The explanationfor this behavior is
thatsmallervaluesof Ë leadto strictercriteriafor grouping
nodes.Finitely many samples,fluctuationsof the

�� below
their meancanleadto erroneousexclusionof nodesfrom
groups. IncreasingË leadsto errorswhen links with loss
probabilitiesQ�eÙE F iYË areeffectively ignored,sothatthe
groupsarechosentoo large;observe theprobabilityof suc-
cessfulidentificationdecreasesdramaticallyas Ë increases
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Figure 5: Ë]
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Figure 6: Ë]
IQ"<³�"ì .
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Figure 7: Ë]
�Î+<³�oì .
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Figure 8: Ë]
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beyond Îoì .

We noó w comparethe relative performanceof the algo-
rithms. We focuson Ë>çjQ�ì ; for this rangereasonable
accuracy canbeobtainedfor sufficiently large 3 . We find
thatthegeneralalgorithmGLT hasalmostuniformly better
performancein this region. We believe that this is because
GLT makesa moredirect inferenceon non-binarygroups
thanthe otheralgorithms.The accuracy of the BLT Prun-
ing algorithm is closeto that of GLT. However, the com-
putationalcomplexity is lessthanGLT in severalways.

��
is givenexplicitly for binarygroups,but generallyrequires
numericalroot finding for GLT. In GLT the thresholdË is
appliedthroughoutthealgorithm. In BLT Pruningit is ap-
pliedonlyat theend;thiswill facilitateadaptiveselectionofË . BLT Cliquehastheworstperformance.We believe this
is becauseit hasa stricterconditionfor groupingnodesthat
involvescheckingall the possiblepairsamongthe candi-
datenodes;failureof a singletestamongstmany canresult
in exclusionfrom a group.

5.2 Comparisonof ML Classifierand Grouping
For identificationof generaltrees,theML classifierhasthe
apparentadvantageover thegroupingalgorithmsthat there
is noexplicit parameterË thatdemarcatestheminimumloss
ratesatwhichmaybeclassified.However, theML classifier
remainssubjectto theeffectsof samplingnoisewheniden-
tifying links with low lossprobabilities.This is becausethe
likelihood function

� �AÔ���E�Õ����LÕ"� dependsonly weakly on
whetherlinks with low ratesarepresentor absentfrom the
topology Ô . Samplingvariationdueto usingfinitely many
probescanswampsuchdependence.

In Figure10 we comparetheperformanceof the ML clas-
sifier with the BLTP Classifier. This wasperformedon 5-
receiver treeswith link lossrateschosenuniformly between
0%and10%.Wedisplaytheprobabilitythatlinks with loss
ratesgreaterthanor equalto agivenlevel Ë aremisgrouped.
In thiscontext, to correctlygroupa link meansto placeit as
anancestorof thesamesetof receiversin the inferredtree
asin theactualtree. Thefigureshows that theaccuracy of
the ML andBLTP arevery similar acrossa rangeof link
lossrates.

TheML classifierwasimplementedasanexhaustivesearch
on the set of trees. The rapid growth in the numberof
suchtreesmakesthis approachcomputationallyunattrac-
tive; we believe thatmoresophisticatedoptimizationtech-
niquesmayreducethecomputationalcostof theML Clas-
sifier.

6 Conclusions

We have describedandevaluatedtwo classesof algorithm
for the identificationof logical multicasttrees. Grouping
algorithmsusean estimateof losson the commonpathto
a set of receivers, andselectas siblings that set of nodes
for which thelossis greatest.In thisclass,threealgorithms
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Figure 10: Comparisonof ML andBLT classifierin 5-leaf tree:
probability to misclassifylinks with give lossrate ô
or greater.

wereexamined;BinaryLossTreeClique,BinaryLossTree
PruningandGeneralLossTree.Thelasttwo werefoundto
be the mostaccurate;BLT Pruningis the leastcomplex in
implementationandexecution.

The MaximumLikelihood classifierusesthe propertythat
the link lossestimatorsareMaximum Likelihood Estima-
tors; the topology with the highestlikelihood for the ob-
serveddatais selectedastheestimator. Accuracy wasclose
to thatof thegroupingalgorithms,but executiontimeswere
larger due to the implementationas an exhaustive search
through the spaceof possibletrees. More sophisticated
searchtechniquesmayreducethis,however, therewouldbe
no gain in accuracy over thegroupingalgorithms.In sum-
mary, webelievetheBLT Pruningalgorithmsoffersthebest
combinationof accuracy andperformance.Furtherwork to
bereportedin anextendedversionof thispaperincludesthe
analyticestimationof failureprobabilities.
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